We study the critical behavior of the three-dimensional ±J Ising model [with a random-exchange probability P (J xy ) = pδ(J xy −J)+(1−p)δ(J xy +J)] at the transition line between the paramagnetic and ferromagnetic phase, which extends from p = 1 to a multicritical (Nishimori) point at p = p N ≈ 0.767. By a finite-size scaling analysis of Monte Carlo simulations at various values of p in the region p N < p < 1, we provide strong numerical evidence that the critical behavior along the ferromagnetic transition line belongs to the same universality class as the three-dimensional randomly-dilute Ising model. We obtain the results ν = 0.682(3) and η = 0.036(2) for the critical exponents, which are consistent with the estimates ν = 0.683(2) and η = 0.036(1) at the transition of randomly-dilute Ising models.
I. INTRODUCTION
The ±J Ising model has played an important role in the study of the effects of quenched random disorder and frustration on Ising systems. It is defined by the lattice Hamiltonian
where σ x = ±1, the sum is over the nearest-neighbor sites of a simple cubic lattice, and the exchange interactions J xy are uncorrelated quenched random variables, taking values ±J with probability distribution P (J xy ) = pδ(J xy − J) + (1 − p)δ(J xy + J).
For p = 1 we recover the standard Ising model, while for p = 1/2 we obtain the usual bimodal Ising spin-glass model.
The phase diagram of the three-dimensional (3D) ±J Ising model is sketched in Fig. 1 .
The high-temperature phase is paramagnetic for any p. The low-temperature phase depends on the value of p: it is ferromagnetic for small values of 1 − p, while it is a spin-glass phase with vanishing magnetization for sufficiently large values of 1 − p. The different phases are separated by transition lines, which meet at a multicritical point N located along the so-called Nishimori line.
1,2,3
The spin-glass transition has been mostly studied at the symmetric point p = 1/2, see, e.g., Refs. 3,4 and references therein. The spin-glass transition line extends up to the Nishimori multicritical point, 2 located at 5, 6, 7, 8 p N ≈ 0.767.
For larger values of p, the transition is ferromagnetic, up to p = 1 where one recovers the pure Ising model, and therefore a transition in the Ising universality class. At the ferromagnetic transition line, for p N < p < 1, the critical behavior is expected to belong to a different universality class.
An interesting hypothesis, which has already been put forward in Refs. 3,9, is that the ferromagnetic transition of the ±J Ising model belongs to the 3D randomly-dilute Ising (RDIs) universality class (see, e.g., Refs. 10,11 for reviews on randomly-dilute spin models). A representative of the RDIs universality class is the randomly site-dilute Ising model (RSIM) defined by the lattice Hamiltonian where ρ x are uncorrelated quenched random variables, which are equal to 0, 1 with probability P (ρ x ) = pδ(ρ x − 1) + (1 − p)δ(ρ x ).
For p < 1 and above the percolation threshold of the spins (p perc ≈ 0.3116081(13) on a cubic lattice 12 ), the RSIM undergoes a continuous phase transition between a disordered and a ferromagnetic phase, whose nature is independent of p. This transition is definitely different from the usual Ising transition: for instance, the correlation-length critical exponent 13, 14, 15, 16 ν = 0.683(2) differs from the Ising value 17,18 ν = 0.63012 (16) . The RDIs universality class is expected to describe the ferromagnetic transition in generic diluted ferromagnetic systems.
For instance, it has been verified that also the randomly bond-diluted Ising model (RBIM) belongs to the RDIs universality class. 13, 19 These results do not necessarily imply that also the ±J Ising model has an RDIs ferromagnetic transition line. Indeed, while the RSIM (3) has only ferromagnetic exchange interactions, the ±J Ising model is frustrated for any value of p < 1. Therefore, the ferromagnetic transition in the ±J Ising model belongs to the RDIs universality class only if frustration is irrelevant, a fact that is not obvious and should be carefully investigated.
Reference 9 investigated the issue by means of a Monte Carlo (MC) renormalizationgroup (RG) study, claiming that the ±J Ising model belongs to the same RDIs universality class as the RSIM and the RBIM. It should be noted however that the quoted estimate for the correlation-length exponent at the ferromagnetic transition, ν = 0.658 (9) , is close to but not fully consistent with the RDIs value ν = 0.683(2). 13 Another numerical MC work 20 investigated the nonequilibrium relaxation dynamics of the ±J Ising model and showed an apparent nonuniversal dynamical critical behavior along the ferromagnetic transition line.
These results are not conclusive and further investigation is called for to clarify this issue.
In this paper we focus on the transition line of the 3D ±J Ising model between the paramagnetic and the ferromagnetic phase. We investigate the critical behavior by means of MC simulations at various values of p in the region p N < p < 1. Our finite-size scaling (FSS) analysis provides a strong evidence that the critical behavior of the 3D ±J Ising along the ferromagnetic line belongs to the 3D RDIs universality class. For example, we obtain ν = 0.682(3) and η = 0.036 (2) , which are in good agreement with the presently most accurate estimates 13 ν = 0.683(2) and η = 0.036(1) for the 3D RDIs universality class.
The paper is organized as follows. In Sec. II we summarize some FSS results which are needed for the analysis of the MC data, and describe our strategy to check whether the transition belongs to the RDIs universality class. In Sec. III we describe the MC simulations. In Sec. IV we report the results of the FSS analysis. Finally, in Sec. V we draw our conclusions. In App. A we report the definitions of the quantities we compute.
II. STRATEGY OF THE FINITE-SIZE SCALING ANALYSIS
In this work we check whether the ferromagnetic transition line in the 3D ±J Ising models belongs to the RDIs universality class. For this purpose, we present a FSS analysis of MC data for various values of p in the region 1 > p > p N ≈ 0.767. We follow closely Ref. 13 , which studied the ferromagnetic transition line in the 3D RSIM and RBIM and provided strong numerical evidence that these transitions belong to the same RDIs universality class.
We refer to Ref. 13 for notations (a short summary is reported in App. A) and a detailed discussion of FSS in these disordered systems.
According to the RG, in the case of periodic boundary conditions and for L → ∞, where L is the lattice size, a generic RG invariant quantity R at the critical temperature 1/β c behaves as
where R * is the universal infinite-volume limit and ω and ω 2 are the leading and nextto-leading correction-to-scaling exponents. In RDIs systems scaling corrections play an important role, 16, 21 since ω is quite small. Indeed we have ω = 0.33(3) and ω 2 = 0.82 (8) in the 3D RDIs universality class. 13 These slowly-decaying scaling corrections make the accurate determination of the universal asymptotic behavior quite difficult.
Instead of computing the various quantities at fixed Hamiltonian parameters, we keep a RG invariant quantity R fixed at a given value R f . 22 This means that, for each L, we determine the pseudocritical inverse temperature β f (L) such that
All interesting thermodynamic quantities are then computed at
The value R f can be specified at will, as long as R f is taken between the high-and low-temperature fixed-point values of R. The choice R f = R * (where R * is the critical-point value) improves the conver-
This FSS method has already been applied to the study of the critical behavior of N-vector spin models, 22, 23 and of randomly-dilute Ising models.
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As in Ref. 13 , we perform a FSS analysis at fixed R ξ ≡ ξ/L = 0.5943, which is very close to the fixed-point value R * ξ = 0.5944(7) of R ξ at β c . Given any RG invariant quantity R, such as the quartic cumulants U 4 and U 22 , we consider its value at fixed
where the coefficients b ij depend on the Hamiltonian. The derivativeR ′ with respect to β of a generic RG invariant quantity R behaves as
Finally, the FSS of the magnetic susceptibility χ is given by
where e b represents the background contribution.
A standard RG analysis, see, e.g., Ref. is the next-to-leading irrelevant scaling field and y 4 = −ω 2 is its RG dimension. In Ref. 13 it was shown that the RSIM for p = p * = 0.800(5) and the RBIM for p = p * = 0.56 (2) are improved. Since scaling fields are analytic functions of the Hamiltonian parameters, u 3 must be proportional to p − p * close to p = p * , i.e. u 3 ≈ c 3 (p − p * ). Therefore, since the coefficients b 1k , a 1k , and e 1k that appear in Eqs. (7), (8), and (9) are proportional to u k 3 , we have
Beside the quantities defined in App. A, we also consider observables-in analogy with the previous terminology, we call them improved quantities-characterized by the fact that the leading scaling correction proportional to L −ω (approximately) vanishes in any model belonging to the RDIs universality class. 13 We consider the combination of quartic cumulants
and improved estimators of the critical exponent ν defined as
(Ū d is defined in App. A). In Ref. 13 we showed that, if the transition belongs to the RDIs universality class, the leading scaling correction proportional to L −ω of these improved observables is suppressed. More precisely, we showed that the universal ratio of the amplitudes of the leading scaling correction inŪ im andŪ 4 satisfies
while the one for the quantities R ′ ξ,im andR ′ ξ is bounded by
The remaining scaling corrections are of order L −2ω and L −ω 2 . These improved observables are particular useful to check whether the transition in a given system belongs to the 3D RDIs universality class. (4), andŪ * d = 1.500(1). Notice that the fact that we fix R ξ = 0.5943 does not introduce any bias in our FSS analysis.
III. MONTE CARLO SIMULATIONS
We performed MC simulations of Hamiltonian (1) evolve in parallel, where n bit = 32 or n bit = 64 depending on the computer that is used. Taking also into account the computer time required by the cluster algorithms, we then turned to a multispin Metropolis algorithm. This turns out to be much more effective at the lattice sizes considered, although it has a larger dynamic exponent z 2, see, e.g., Ref. Errors were computed from the sample-to-sample fluctuations and were determined by using the jackknife method. 
The 
IV. FINITE-SIZE SCALING ANALYSIS
In this section we present the results of our FSS analysis of the MC data at fixed R ξ = 0.5943. A. Renormalization-group invariant quantities
In Fig. 3 we show the MC estimates ofŪ 22 versus L −ω with ω = 0.33(3), which is the leading scaling exponent of the RDIs universality class. The data vary significantly with p and L. This p and L dependence is always consistent with the existence of the expected next-to-leading scaling corrections, i.e. with a behavior of the form An unbiased estimate of ω can be obtained from the difference of data at different values of p, i.e. by consideringŪ with ε 1 = ω) gives the estimate
which is approximately in the middle of the ferromagnetic line, i.e. 1 − p
We performed a similar analysis forŪ d , obtaining a consistent estimate of p * . Thus, the ±J Ising model for p = 0.883 is approximately improved. Therefore, at p = 0.883, fits of the data assuming O(L −ω 2 ) leading scaling corrections should provide reliable results.
As discussed in Sec. II, a useful quantity to perform stringent checks of universality within the RDIs universality class is the combinationŪ im of quartic cumulants reported in Eq. (11) .
For this quantity the scaling corrections proportional to L −ω are small, cf. Eq. (13), and thus the dominant corrections should behave as L −2ω , with 2ω ≈ 0.66. As already discussed, for values of p close to p * , such as p = 0.87, 0.883, 0.90, also the L −2ω term is expected to be small and thus the dominant corrections should scale as L −ω 2 with ω 2 ≈ 0.82. In Fig. 4 we show the MC results forŪ im for various values of p. Fig. 5 shows results of fits tō We analyze the data at p = 0.883, which is a very good approximation of the improved value p * = 0.883(3). In Fig. 7 we report several results for the critical exponent ν, obtained by analyzingR As can be seen in Fig. 7 , the results obtained by usingR 
which includes all results (with their errors) of the fits ofR Estimate (20) is also confirmed by the analysis of the data at the other values of p. Fig. 8 shows results obtained by fitting the logarithm of R the minimum size L min allowed in the fits. We obtain the estimate
which includes all results obtained for L min 16. This estimate agrees with the most precise RDIs estimate η = 0.036(1). Fig. 10 shows results for the other values of p. Again, they are in good agreement.
C. The critical temperature
The critical temperature can be estimated by extrapolating the estimates of β f at R ξ = 0.5943, cf. Eq. (6). Since we have chosen R ξ = 0.5943 ≈ R * ξ = 0.5944(7), 13 we expect 
Some data are slightly shifted along the x-axis to make them visible. The dotted lines correspond to the final estimate η = 0.036 (2) . Thus, in the absence of an external magnetic field, beside the scaling field u t related to the temperature, there is another relevant scaling field u w associated with the quenched disorder parameter w ≡ 1 − p. General RG scaling arguments 21, 35 show that the singular part of the free energy for w → 0 behaves as
where φ = y w ν Is = α Is = 0.1096(5) is the crossover exponent, and F (X) is a crossover scaling function which is universal (apart from normalizations). The scaling fields u t and u w depend on the parameters of the model. In general, we expect where t ≡ T /T Is − 1, T Is is the critical temperature of the Ising model, and k is a constant.
No such mixing between t and w occurs in u w , since u w vanishes for w = 0. Hence, we can take u w = w. The system has a critical transition for w > 0 at T c (w). Since the singular part of the free energy close to a critical point behaves as (T − T c ) 2−α (α = −0.049(6) is the specific-heat exponent of the RDIs universality class), we must have F (X c ) = 0, where X c is the value of X obtained by setting T = T c (w) (see, e.g., Ref. 36 and references therein).
Hence, we obtain
and therefore
where the dots indicate higher-order terms. This expression provides the w dependence of the critical temperature for w small. Note that the nonanalytic term in Eq. (25) is suppressed with respect to the analytic ones, because 1/φ ≈ 9.1. Thus, T c (w) ≈ T Is (1 − kw + O(w 2 )).
Since T c (w) < T Is , we can also infer that k > 0. From the results for T c (w) we estimate k ≈ 2.2 for the ±J Ising model. 
APPENDIX A: NOTATIONS
We define the two-point correlation function
where the overline indicates the quenched average over the J xy probability distribution.
Then, we define the corresponding susceptibility χ ≡ x G(x) and the correlation length ξ
where q min ≡ (2π/L, 0, 0),q ≡ 2 sin q/2, and G(q) is the Fourier transform of G(x). We also consider quantities that are invariant under RG transformations in the critical limit. Beside the ratio
we consider the quartic cumulants U 4 , U 22 and U d defined by
where
We also define corresponding quantitiesŪ 4 ,Ū 22 , andŪ d at fixed R ξ = 0.5943. Finally, we consider the derivative R ′ ξ of R ξ , and U ′
